Abstract. We study projective curvature tensor in K-contact and Sasakian manifolds. We prove that (1) if a K-contact manifold is quasi projectively flat then it is Einstein and (2) a K-contact manifold is ξ -projectively flat if and only if it is Einstein Sasakian. Necessary and sufficient conditions for a K-contact manifold to be quasi projectively flat and ϕ-projectively flat are obtained. We also prove that for a (2n + 1)-dimensional Sasakian manifold the conditions of being quasi projectively flat, ϕ-projectively flat and locally isometric to the unit sphere S 2n+1 (1) are equivalent. Finally, we prove that a compact ϕ-projectively flat K-contact manifold with regular contact vector field is a principal S 1 -bundle over an almost Kaehler space of constant holomorphic sectional curvature 4.
Introduction
Let M be an almost contact metric manifold equipped with an almost contact metric structure (ϕ, ξ, η, g ). Since at each point p ∈ M the tangent space T p M can be decomposed into the direct sum T p M = ϕ(T p M)⊕{ξ p }, where {ξ p } is the 1-dimensional linear subspace of T p M generated by ξ p , the conformal curvature tensor C is a map
One has the following well-known particular cases: (1) the projection of the image of C in ϕ(T p M) is zero; (2) the projection of the image of C in {ξ p } is zero; and (3) 
the projection of the image of C| ϕ(T p M)×ϕ(T p M)×ϕ(T p M) in ϕ(T p M)
is zero. An almost contact metric manifold satisfying the case (1), (2) and (3) is said to be conformally symmetric [8] , ξ -conformally flat [9] and ϕ-conformally flat [3] respectively. In [8] , it is proved that a conformally symmetric K-contact manifold is locally isometric to the unit sphere. In [9] , it is proved that a K-contact manifold is ξ -conformally flat if and only if it is an η-Einstein Sasakian manifold. In [3] , some necessary conditions for a K-contact manifold to be ϕ-conformally flat are proved. Apart from conformal curvature tensor, the projective curvature tensor is another important tensor from the differential geometric point of view. Let M be an m-dimensional Riemannian manifold. If there exists a one-to-one correspondence between each coordinate neighborhood of M and a domain in Euclidean space such that any geodesic of the Riemannian manifold corresponds to a straight line in the Euclidean space, then M is said to be locally projectively flat. For m ≥ 3, M is locally projectively flat if and only if the well-known projective curvature tensor P vanishes. Here, P is defined by
for X, Y, Z ∈ T M, where R is the curvature tensor and Q is the Ricci operator. In fact, M is projectively flat (that is, P = 0) if and only if it is of constant curvature (pp. 84-85 of [7] ). Thus, the projective curvature tensor is a measure of the failure of a Riemannian manifold to be of constant curvature. In this paper we study projective curvature tensor in K-contact and Sasakian manifolds. Section 2 contains some preliminaries. In §3, we consider three cases of projective curvature tensor, analogous to those of conformal curvature tensor, and give definitions of quasi projectively flat, ξ -projectively flat and ϕ-projectively flat almost contact metric manifolds. It is proved that if a K-contact manifold is quasi projectively flat then it is Einstein. We also prove that a K-contact manifold is ξ -projectively flat if and only if it is Einstein Sasakian. Necessary and sufficient conditions for a K-contact manifold to be quasi projectively flat and ϕ-projectively flat are obtained. Thus in §3, we prove that for a (2n + 1)-dimensional Sasakian manifold the conditions of being quasi projectively flat, ϕ-projectively flat and locally isometric to the unit sphere S 2n+1 (1) are equivalent. In the last section, it is established that a ϕ-projectively flat compact regular K-contact manifold is a principal S 1 -bundle over an almost Kaehler space of constant holomorphic sectional curvature 4.
Preliminaries
Let M be an almost contact metric manifold of dimension (2n + 1) equipped with an almost contact metric structure (ϕ, ξ, η, g) consisting of a (1, 1) tensor field ϕ, a vector field ξ , a 1-form η and a Riemannian metric g. Then
From (2.1) and (2.2) we easily get
An almost contact metric manifold is
A K-contact manifold is a contact metric manifold, while converse is true if the Lie derivative of ϕ in the characteristic direction ξ vanishes. A Sasakian manifold is always a K-contact manifold. A 3-dimensional K-contact manifold is a Sasakian manifold. A contact metric manifold is Sasakian if and only if
In a Sasakian manifold M equipped with the structure (ϕ, ξ, η, g), the following relations are well-known: where r is the scalar curvature. In a K-contact manifold we also get
For more details we refer to [1] .
Some structure theorems
In a (2n + 1)-dimensional almost contact metric manifold (M, ϕ, ξ, η, g) the projective curvature tensor P is given by
Analogous to the consideration of conformal curvature tensor, we give the following definition:
An almost contact metric manifold M is said to be quasi projectively flat if
and ϕ-projectively flat if (see also Definition 5 of [6] )
We begin with the following:
Proof. Let M be a (2n + 1)-dimensional K-contact manifold. From (3.1) we have 
g(P(ϕX, Y )Z, ϕW ) = R(ϕX, Y, Z, ϕW )
for all Y, Z ∈ T M. If M satisfies (3.5) then from (3.7) we get
for all Y, Z ∈ T M. Putting Y = ξ in (3.8) and using (2.11), (2.3) and η(ξ ) = 1, we get
from which we get
Using (3.9) and (3.10) in (3.8) we get (2.12).
In view of Lemma 3.2 we have the following.
Theorem 3.3. If a K-contact manifold is quasi projectively flat then it is Einstein.
Next, we have the following.
Theorem 3.4. A K-contact manifold M is quasi projectively flat if and only if

R(X, Y, Z, ϕW ) = g(Y, Z)g(X, ϕW ) − g(X, Z)g(Y, ϕW ) (3.11) for all X, Y, Z, W ∈ T M.
Proof. If M is quasi projectively flat, using (2.12) in
we obtain (3.11). The converse is straightforward.
Theorem 3.5. A K-contact manifold is ξ -projectively flat if and only if it is Einstein
Sasakian.
Proof. Using (3.1) and g(X, ξ ) = η(X) we get
for all X, Y, W ∈ T M. For a local orthonormal basis {e 1 , . . . , e 2n , ξ} of vector fields in M, from (3.12) we get
for all Y ∈ T M. Using (2.15) and (2.13) in the above equation we get
If M is ξ -projectively flat then from (3.13) we get
Putting Y = ξ in (3.14) and using (2.11) and η(ξ ) = 1 we get (3.10). In view of (3.10), eq. (3.14) becomes (2.6). Since M is ξ -projectively flat, putting Y = ξ in (3.12) and using (2.10), (2.6) and η(ξ ) = 1 we obtain (2.12), which shows that M is Einstein. Using (3.3) and (2.12) in (3.12), we obtain (2.4), which shows that M is Sasakian. Conversely, if M is Einstein Sasakian, then in view of (2.4) and (2.12) from (3.1) we get (3.3).
Remark 3.6. In [4] , it is proved that if a Sasakian manifold is projectively flat then it is an Einstein manifold. The assumption of K-contact is weaker than that of Sasakian and the assumptions of quasi projectively flat and ξ -projectively flat are weaker than that of projectively flat. Thus Theorems 3.3 and 3.5 are stronger results than the result of [4] .
Next, we prove the following: This proves the statement (c). Thus, it is easy to check that (c) implies (a). This completes the proof.
Compact regular K K K-contact manifolds
A (2n + 1)-dimensional K-contact manifold M is said to be regular if for each point p ∈ M there is a cubical coordinate neighborhood U of p such that the integral curves of ξ in U pass through U only once. Moreover, if M is compact also, the orbits of ξ are closed curves. Let the space of orbits of ξ be denoted by B. Then we have the natural projection π : M → B and B is a 2n-dimensional differentiable manifold such that π is a
